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Definition 1

A 2-crossed module® G, consists of a complex of Gy-groups

G1 X Gl
e
Go

e O’s are Gy-equivariant.

0
2 >G1 >G0

o) .
o Gy = G is a crossed module.
0y is G1-equivariant.

f%29 = g1 fg for all f,g € Gs.
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Definition 1
A 2-crossed module® G, consists of a complex of Gy-groups

G1 X Gl
e
Go

0’s are Gp-equivariant.

02

>G1 >G0

o) .
Gy = G is a crossed module.

0y is G1-equivariant.
f%29 = g1 fg for all f, g€ Gs.
(af)® = (a®)" for all a € G, f € G,z € Gy.

o Compatibility conditions.

“Ronald Brown and Ilhan I¢en. “Homotopies and Automorphisms of Crossed
Modules of Groupoids”. In: Applied Categorical Structures (2003), p. 193.
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SM 2-Cat structure on a 2-CM

o Given a 2-CM G,
a5 a S a,

e Ob(T'(Gy)) = Gy.
g € Go.
o 1-Mor(I'(G4)) = Go x G1.

xo Jo, x1 such that x1 = z¢ - 9(fo).
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SM 2-Cat structure on a 2-CM

o Given a 2-CM G,
a5 a S a,

e Ob(T'(Gy)) = Gy.
g € Go.
o 1-Mor(I'(G4)) = Go x G1.
Z Jo, x1 such that 1 = zo - 9(fo)-
4] 2—MOI‘(F(G*)) = Go X Gl X G2.
fo
/\
i) aﬂ I

Such that f; = fo - 0(«).
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@ Vertical composition

fo

o) fi—— 11 = To ﬂaw@ .
e Horizontal composition
Jo 90 fogo
/\ /\
To ﬂa 4! i ﬂ,@ P = o ﬂagl},@ )
" oo

— e



Special cases: Whiskering.

o
fo
o e Tr1 — I
N 7
‘fT/
(*]
f1
g — I a T2
AN N
~_ Y~
f2

fof2
Zo Hafz Z2
N e
it
fof
i) a i)
AN N
~— o -
.1 ) / <
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@ Monoidal product

fo 9o 390
/\ /\
Zo ﬂa T ® Yo ﬂ,ﬁ Ui = ZoYo ﬂ(a”f’)"ﬂﬁ T
L g1 e
f 191
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o Monoidal product

fo % 790,94
/\ /\
Zo ﬂa . ® Yo ﬂ,ﬁ N = ToYo ﬂ(ayo)qgﬁ ‘ T1Y1
| ”
e Braiding
30,00 \
ZoYo > Yoo
Bo.1).(v0.9)
fyog 0 0 g%0 f
T1Y1 3 Y121
1,91
]
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@ Monoidal product

fo 90 1390
/\ /\
Zo ﬂa T ® Yo ﬂ,ﬁ Ui = ZoYo ﬂ(a”f’)"ﬂﬂ T

— .

@ Braiding

Ja 0-Y0
ZoYo Yoxo
B(zo.£).(wo.
fuog (z0,£):(v0,9) %0 f
T1Y1 Y1y
By
o Hexagonators
Yrz T2y
‘)’;.1/ ‘71.: '/,r/.: 7'[1/.;
Nz|y,z Nz,y|z
TYZ YZT TYZ zZxy
T,yz ﬁzy,z
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o Syllepsis
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e Syllepsis

A )
jr.z/ ///l \\\ Jy,a
/ AN
pd Yz,y N

/

iy

Ty

e Symmetry condition:

- z,y
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e (2,1)-Syllepsis axiom:

TYZ TYZ
% J‘l ;/ / l %\
T2y —> ZTyY *> lyz = T2Y —— T2Y —> TYZ
S e e
zZxyY zZxyY

_/BZ7117‘ _1 z
Nzlzy = My )2 ! ey,z  Vyz - (%lc/,z)ﬂ v

e (1,2)-Syllepsis axiom:

TYz TYZ
@l% i”uz\\\) / l A/ ™
YT —— YTz *> TYZ = Yzx —) Yzx —) IJZ
wl \ flwy
By
Yyxrz Yxrz

- ﬁz.z —B2 z
Mysle = Voue * Vog " Vais" - (Najy.z) 7 Pie.
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o Are these two axioms equivalent?
» Yes! (Using the symmetry condition).
o Goal
» Generalize to SM bi-Cat.
e What is so special about these axioms?
» Cocycles
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Group cohomology with values in an Abelian group

Definition 2

Cohomology of a group G with coefficients in an abelian group A is:
H"(G,A) = H"(BG, A) = mo(Homp,,(BG, K (A, n))).
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Group cohomology with values in an Abelian group

Definition 2

Cohomology of a group G with coefficients in an abelian group A is:
H"(G,A) = H"(BG, A) = mo(Homp,,(BG, K (A, n))).

e K(A,n) is the Eilenberg-MacLane space.
o BG is the classifying space due to the bar construction (WG):
-HGXGXGﬁGXGEﬁG:;*

> Ng1l - lgn] = 2] - lgal",

> 01| lgn] = lg1] - 1gi - giga] -+ |gn) for 1 <i<mn—1,
> Rlarl- - lgnl = loal - - [gn—1]-

e W@ is also nerve of the groupoid G —= * .
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Definition 3

For a given R-module M, a projective resolution is an exact sequence
of projective modules F;’s as follows:

o= PP = FPh— M —=0.
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Definition 3

For a given R-module M, a projective resolution is an exact sequence
of projective modules F;’s as follows:

o= Py P — FPy— M —0.

e Hom(—, D) is a left-exact functor.
» 0 > A— B— C — 0 is exact implies
Hom(A, D) < Hom(B, D) < Hom(C, D) «+ 0 is exact.
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Definition 3

For a given R-module M, a projective resolution is an exact sequence
of projective modules P;’s as follows:

o= Py P — FPy— M —0.

e Hom(—, D) is a left-exact functor.
» 0 > A— B— C — 0 is exact implies
Hom(A, D) < Hom(B, D) < Hom(C, D) «+ 0 is exact.

e For a given projective resolution P, — M, we get a complex
0 — Hom(Py, D) — Hom(Py;, D) - Hom(P, D) — - - -

e Cohomology groups of this complex are defined as Right-derived
functor:

R'Hom(M, D) := H'(Hom(P,, D)).

] 11/ 28



Definition 3

For a given R-module M, a projective resolution is an exact sequence
of projective modules P;’s as follows:

o= Py P — FPy— M —0.

e Hom(—, D) is a left-exact functor.
» 0 > A— B— C — 0 is exact implies
Hom(A, D) < Hom(B, D) < Hom(C, D) «+ 0 is exact.

e For a given projective resolution P, — M, we get a complex
0 — Hom(Py, D) — Hom(Py;, D) - Hom(P, D) — - - -

e Cohomology groups of this complex are defined as Right-derived
functor:

R'Hom(M, D) := H'(Hom(P,, D)).

o H™(G,A) = Exty(Z, A) = H" (Homgg)(Pa(Z), A)).
> P, = F(U(G"™)).
S 1128



Cohomology of Picard categories

Definition 4

A Picard category is a SM Cat such that objects are invertible up to
1-morphisms and 1-morphisms are also invertible.

e Picard categories form a SM 2-Cat.
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Cohomology of Picard categories

Definition 4

A Picard category is a SM Cat such that objects are invertible up to
1-morphisms and 1-morphisms are also invertible.

e Picard categories form a SM 2-Cat.
o A complex of Picard categories looks like:
O 0

e 0 0 [ ) [
0

e ey e, e, —2

en+1
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Cohomology of Picard categories

Definition 4

A Picard category is a SM Cat such that objects are invertible up to
1-morphisms and 1-morphisms are also invertible.

e Picard categories form a SM 2-Cat.
o A complex of Picard categories looks like:
O 0

e 0 0 [ [
0

e €y S E e, —2

[ N e

. 0
» Satisfies wave:

en+1

0

e, —2 en+1 s Crpe — Crys

ﬂcan U,X n+1

0
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o H™(€,) = 2"(C.)/B"(Cy).

'K.-H. Ulbrich. “Group Cohomology for Picard Categories”. In: Journal of
Algebra, Volume 91 (1984), pp. 464-498.
e Y



o H"(Co) = 2"(Cs)/B"(Co).
o P"(Ce) = {(P,g)|P €Cy,g:6(P)—IcHome,,,}: Category of
n-psuedocycles.

'K.-H. Ulbrich. “Group Cohomology for Picard Categories”. In: Journal of
Algebra, Volume 91 (1984), pp. 464-498.
e Y



o H"(Co) = 2"(Cs)/B"(Co).

o P"(Ce) = {(P,g)|P €Cy,g:6(P)—IcHome,,,}: Category of
n-psuedocycles.

o L"(C,) C P(C,) for which

- é i
Inso 2 6(5(P)) 9% §(Inp1) —— Lo - Invo —% Tpo

'K.-H. Ulbrich. “Group Cohomology for Picard Categories”. In: Journal of
Algebra, Volume 91 (1984), pp. 464-498.
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o H"(Co) = 2"(Cs)/B"(Co).

o P"(Ce) = {(P,g)|P €Cy,g:6(P)—IcHome,,,}: Category of
n-psuedocycles.

o L"(C,) C P(C,) for which
Inyo e, 5(5(P)) 22 §(Is1) —— Tnsa = Injo —% Ingo

e 2"(C,) = Isomorphism classes of objects of £L™(C,).

'K.-H. Ulbrich. “Group Cohomology for Picard Categories”. In: Journal of
Algebra, Volume 91 (1984), pp. 464-498.
e Y



o H"(Cq) = 2™(Cq)/B"(Ca).
o P"(Ce) = {(P,g)|P €Cy,g:6(P)—IcHome,,,}: Category of
n-psuedocycles.
o L"(C,) C P(C,) for which
Into N 5(8(P)) 22 6(Lui1) —— Tuss = Inja —%5 Ingo
e 2"(C,) = Isomorphism classes of objects of £L™(C,).

e B"(C,) C Z"(C,) of elements of the form

(6(Q),x@); Q € Cp1.
o H"(Cy) = 2"(Cy)/B"(Cy).!

'K.-H. Ulbrich. “Group Cohomology for Picard Categories”. In: Journal of
Algebra, Volume 91 (1984), pp. 464-498.
s Y



Group cohomology with values in a Picard category

o Any set X, category C: €X = Funct (X — C)
» X as a discrete category, i.e., Ob = X, Mor = id.
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Group cohomology with values in a Picard category

o Any set X, category C: €X = Funct (X — C)
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o Given any sSet X,, consider GXe

eXo :; X1 3 X2 §
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b dil X X (X, D @) (Xt 5 X, D)
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Group cohomology with values in a Picard category

o Any set X, category C: €X = Funct (X — C)
» X as a discrete category, i.e., Ob = X, Mor = id.
o Given any sSet X,, consider GXe

eXo :; X1 3 X2 §

. di
b dil X X (X, D @) (Xt 5 X, D)

e By taking the alternating sum
n+1
i=0

o We get a cochain complex:

e N

D, exi _0 s

eXo eXe

lba

e We can calculate cohomology H™(X,, C) for this.
]
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Application to SM Cat

e SM Cat €.
o G=m(€)=0b(€)/=. (Group).
o A=m(E) = Autg(]). (Abelian Group).
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Application to SM Cat

e SM Cat £&.

G =m(€) = 0Ob(€)/ =. (Group).

A =m1(€) = Aute(I). (Abelian Group).

@ s: G — & be an arbitrary section of p: £ — G.

» For cach z,y € G,3 ¢z : s(z) ® s(y) N s(xy) along with

chy®ids(z) Cry,z
—— s(xy) @ s(2) —= s(xyz)

(s(z) ® s(y)) ® s(z)
Qs(z),5(y),s(2) lfz,y,z

5(2) @ (s(y) © s(2)) 5(2) ® s(yz) = s(ay2)

-
st(z) Xcy,z

] 15/ 28



@ Such that it satisfies the pentagon:

fay,zt

s(xyzt) p 7 s(zyzt)
(5(2) @ 5(1)) ® s()s(0) 220 (s(2) @ (1) ® (5(2) @ s(w))
fa,y,=®idy &.s(a,)..s(y).s(z)@"dt(v,)l l"a(m)m(vl»:(:)@su) fayzt

(s(z) & (s(y) @ 5(2))) @ s(t) 5(2) @ (s() @ (5() @ 5(1))

T ﬂs(rwm iy () D (y),5(2),5(0)

s(zyzt) s(z) @ ((s(y) @ s(2)) @ s(t) = s(xyzt)

s(a;gjzl)
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@ Such that it satisfies the pentagon:

fay,zt

s(xyzt) p 7 s(zyzt)
(5(2) @ 5(1)) ® s()s(0) 220 (s(2) @ (1) ® (5(2) @ s(w))
F,y=®@idy u..(,)..,(y)..e(z)@vd.(m)l l"a(x»a(w.,(:)@m fry.zt

(5(2) @ (s(y) @ 5(2))) @ 5(1) 5(2) @ (s() @ (5() @ 5(1))

ﬂs(rwm iy (2)Bs(y),(2),0(0)

s(zyzt) < s(z) @ ((s(y) @ s(2)) @ s(t) e s(xyzt)

s(a;Zzl)

o fec H3G,A).

» f satisfies the cocycle condition due to the pentagon.

] 16 /28



Application to SM bi-Cat

e SM bi-Cat E.
o G =my(E)=Ob(E)/ =. (Group).
o A=1II1(E) = Autg(/). (Picard category).
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Application to SM bi-Cat

e SM bi-Cat E.
o G =my(E)=Ob(E)/ =. (Group).
o A=1II1(E) = Autg(/). (Picard category).
@ s: G — E be an arbitrary section of p: E — G.
» For cach z,y € G,3 ¢z : s(z) ® s(y) N s(xy) along with

Cz,y®ids(z) TY,z

(s(z) @ 5(y)) @ s(2) ——— s(ay) @ s(2) —22 s(zy2)
As(z),s(y),s(z) / lf%%z

s(z) @ (s(y) ® s(z)) iy @y s(x) @ s(yz) - s(wyz)

] 17/ 28



o And the pentagon:

s(zyzt) Sy s(zyzt)
fa:,y,z@idtl lfx,y,zt
s(zyzt) s(zyzt)
690 ,Y,2,t
fz% %fy z,t

s(zyzt)

@ Such that this satisfies the associahedron Ks.
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o And the pentagon:

f:cy,z,t

s(zyzt) s(zyzt)
fa:,y,z@idtl lfx,y,zt
s(zyzt) s(zyzt)
690 ,Y,2,t
fz% %fy z,t

s(zyzt)

@ Such that this satisfies the associahedron Ks.
» Compatibility with 5 variables.
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(m (o)

o) ———— (]

Associahedron Kj [2]

2Jean-Louis Loday. “The diagonal of the Stasheff polytope”. In: Higher
structures in geometry and physics, Volume 287 (2011), pp. 269-292.
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o P"(Ce) = {(P,g)|P €Cy,g:6(P)—IcHome,,,}: Category of
n-psuedocycles.

e L™(C,) C P™(C,) for which
Inya oy 5(5(P)) 22 §(Isr) —— Tnsa = Lz — Lo

e Z"(C,) = Isomorphism classes of objects of £L™(C,).

] 20/ 28



o (f,0) € H3(G,A).
> f€C3 =A% = AGXEXE (Bar construction).
UAS HOInC4 = HOHIAG4 = HOmAGXGXGXG.
» (f,0) € £3(C,) = £3 (A%*) due to the associahedron K.

] 2128



Long exact seuence of cohomology groups

o — HY(G,m(A)) —— HYG,A) —— H™(G,mo(A)) —— H""2(G,m(A) — ---

Forn=3: [f.0] ——— [f]

] 22 /28



What about braiding?

e Already too complicated just with the associator («).
e For braiding, we need a different tool.
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If A — F factors through the center of F, it is called a central extension.
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What about braiding?

e Already too complicated just with the associator («).
e For braiding, we need a different tool.

Definition 5

FE is an extension of B by A if there is a short exact sequence

0sASEEB B

If A — F factors through the center of F, it is called a central extension.

%)
° H?(B, A) ZGrp CentrExt(B, A)

¥
o [c] € H*(B,A): ¢c: Bx B — A. Define a group with U(G) x U(A),

(b1,a1) - (b2, a2) = (b1 - ba, a1 + az + c(by, b2)).
@ Choose a section s : U(B) — U(FE), define
C(bl,bg) = S(bl)s(bg)s(blbg)_l.
] 23 /28




’ Extensions ‘ ‘ Cohomology ‘
0A—-E—-G—0|+—| H*GA
0-A—=E-G—0 |+ | HG,A

o & is a SM Cat.
o G =my(€).

e A is the groupoid corresponding to A = m1(€) = Aute(I).

» A=XA.
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For braiding...

Theorem 6 (Universal Coefficient Theorem)

For an abelian group G and a trivial G-module A, there exists a split
short exact sequence:

0 — Ext'(H,_1(G), A) — H(G, A) — Homgp(H,(G), A) — 0.
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o L,A"B — H, (B).

» L is a left-derived functor, A is the exterior power.
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For braiding...

Theorem 6 (Universal Coefficient Theorem)

For an abelian group G and a trivial G-module A, there exists a split
short exact sequence:

0 — Ext'(H,_1(G), A) — H(G, A) — Homgp(H,(G), A) — 0.

o L,A‘B — H,4(B).

» L is a left-derived functor, A is the exterior power.
e p=0: AYB — Hy(B) give us extensions.
e p=1: LAYB — H,1(B) give us biextensions.
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For braiding...

Theorem 6 (Universal Coefficient Theorem)

For an abelian group G and a trivial G-module A, there exists a split
short exact sequence:

0 — Ext'(H,_1(G), A) — H(G, A) — Homgp(H,(G), A) — 0.

o L,AN"B — H,,,(B).

» L is a left-derived functor, A is the exterior power.
e p=0: AYB — Hy(B) give us extensions.
e p=1: LAYB — H,1(B) give us biextensions.

] Extensions \ \ Cohomology \ \ Biextensions ‘
A—-FE—G |+ | H?*G,A)
A—=E—G |+ | HGA |+ |A-FE—-GxG

o E,, = Homg(XY,YX).

] 25 /28



e For a SM bi-Cat E:

] Extensions \ \ Cohomology \ \ Biextensions® ‘
A—-E—G |+ | H*G,A
A—=E—-G |+ | HGA) |+ |A-E—-GxG
A—-E—G |+ ]| HGA |+—|A=E-GxG

o A=YA=224.

o &,y = Homg(XY,Y X) along with the contracted product:
> Qo Em,y A4 (Q,m/w — Szzl,y.
> Qo Exyy AA Exyy/ — Em,yy/.

3Lawrence Breen. “Monoidal Categories and Multiextensions”. In: Compositio
Mathematica Volume 117 (1999), pp. 295-335.
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e For a SM bi-Cat E:

] Extensions \ \ Cohomology \ \ Biextensions® ‘
A—-E—G |+ | H*G,A
A—=E—-G |+ | HGA) |+ |A-E—-GxG
A—-E—G |+ ]| HGA |+—|A=E-GxG

o A=YA=224.

o &,y = Homg(XY,Y X) along with the contracted product:
> Qo Em,y A4 (Q,m/w — Szzl,y.
> Qo Exyy AA Exyy/ — Em,yy/.

e Work in progress...

3Lawrence Breen. “Monoidal Categories and Multiextensions”. In: Compositio
Mathematica Volume 117 (1999), pp. 295-335.
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Thank you!
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Cochain complex of Picard categories

@ Definition of Relative Kernel and Cokernel.
e H™(C,) € Pic.
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